In a post-necking analysis of stretched thin sheets, a 2-D nonlocal membrane finite element model is found to give a good approximation to the real 3-D post-necking behaviour. The nonlocal model used, is a finite strain version of a gradient dependent J2-flow theory. The numerical model is used to study the post-necking behaviour of a uniaxially stretched tensile test specimen with a rectangular cross-section. This model has been used in two applications, which will be mentioned briefly. First, the transition from the diffuse necking mode exhibited by a square bar to the oblique localised necking mode exhibited by a wide strip is investigated numerically. Second, the post-bifurcation behaviour and imperfection-sensitivity of elasticplastic tubes under internal pressure is studied using the 2-D nonlocal membrane analysis. An instability behaviour which leads to a localised necking of the tube wall. This failure mode is highly relevant for the evaluation of hydro-mechanical formability of thin metal plates.
Background
Necking in elastic-plastic bodies under tensile loading has been studied by a large number of authors. This is due to the fact that necking behaviour is an important precursor to final failure during sheet metal forming. Examples of previous work are studies of the necking behaviour of round bars (Needleman, 1972; Hutchinson and Miles, 1974; Tvergaard and Needleman, 1984) , necking in biaxially stretched thin sheets (Hill, 1952; Stören and Rice, 1975; Tvergaard, 1980) and instability behaviour of internal pressurised tubes (Larsson et al., 1982; Tvergaard, 1990) .
In numerical modelling of stretched thin sheets, a membrane finite element model gives accurate predictions of the pre-necking behaviour. However, since both necking and postnecking behaviour are determined by 3-D effects, numerical modelling of the post-necking behaviour based on conventional finite element models is restricted to full 3-D finite element analysis. An analysis based on a 2-D conventional finite element model would give a physically unrealistic, highly mesh-dependent solution. Even a correct prediction of the point for onset of localisation will in some cases require a full 3-D numerical model.
Recently, Mikkelsen (1997) has developed an enhanced plane stress model, in which a length scale representative of the current thickness of the sheet is incorporated into the yield condition by a dependence of the instantaneous yield stress σ on not only the effective plastic strain λ but also on the Laplacian thereof V 2 A ;
Here, the length scale £ is fixed with respect to the current thickness Η . The Laplacian V 2 A is taken with respect to the current deformed state
where G aß is the metric of the current deformed state and d( )/dx a denotes the partial derivative with respect to the convected coordinate system x" . Thus, the effect of the sheet thickness is incorporated in the 2-D enhanced membrane finite element model. This approximate 2-D gradient dependent plane stress plasticity model agrees rather well with the true 3-D postnecking behaviour, (Mikkelsen, 1997a) . The 2-D enhanced plane stress model belongs to a group of 3-D strain gradient plasticity models (Aifantis, 1984; Zbib and Aifantis, 1989 ; de Borst and Mühlhaus, 1992; Fleck et αϊ, 1993 Fleck et αϊ, , 1994 .
Enhanced plasticity models have conventionally been used to remedy the mesh sensitivity in softening materials. For the necking behaviour of stretched sheet metal, the material itself is hardening:
where Ε , σ 0 and η denote Young's modulus, the initial yield stress, and the hardening exponent, respectively. The overall softening is instead due purely to geometric effects caused by a variation in the instantaneous thickness of the sheet. This effect is taken into account by using a finite strain gradient dependent plasticity model similar to the 3-D finite strain gradient dependent model used by Benallal and Tvergaard (1995) .
Current Work
The above gradient dependent model has been used in a numerical study of a number of different tensile instability problems. In these studies, the accuracy of the gradient dependent plasticity theory can be evaluated comparing the post-necking solution found using this theory to the full 3-D solution.
A simple procedure to estimate the actual value (that is, the best choice) of the incorporated length scale £ is to model the post-necking behaviour of a stubby plane strain tensile test specimen. Due to the plane strain condition in the width direction, the full 3-D solution can then be based on a 2-D finite element model and the corresponding approximate plane stress gradient dependent model can be based on a 1-D finite element solution. Fig. 1 shows the load versus lengthening curves for such a comparison. The necking behaviour is initiated by a small initial imperfection in the thickness of the sheet. It can be seen that both the delay of the onset of localisation (with respect to the maximum loading point) and the post-necking behaviour are dictated by the incorporated length scale. Note that the corresponding 1-D local plane stress analysis is seen to produce a much more brittle post-necking behaviour, with no delay of the onset of localisation. Furthermore, this local solution is highly mesh dependent, which is physically unrealistic. Comparing the point for onset of localisation and the post-necking behaviour predicted by the approximate gradient dependent model of Equation (1) with the accurate full numerical model, the incorporated length scale which best captures the thickness effects in the post-necking region, clearly is £ = 0.29Η , where i is chosen to be fixed with respect to the deformed configuration. The thickness variation in the tensile test specimen predicted by the gradient dependent plasticity theory with £ = 0.29 Η is compared to that obtained from the accurate full numerical model in Fig. 2 . Clearly, there is excellent agreement between the two predictions. This is true even for a highly deformed specimen, Η min -ΟΛΗ 0 , where the element in the centre line of the full numerical model is very deformed. In that case, some kind of remeshing technique, see e.g. Pedersen (1997) , would be reasonable.
Incorporating this length scale, ( = 0.29 H, Mikkelsen (1997b) has used the gradient dependent model in a study of the post-necking behaviour of tensile test specimens with a rectangular cross section. The gradient dependent model is found to capture the transition from a diffuse necking mode shown in specimens whose cross-sections have a small aspect ratio (i.e., nearly square cross section) to an oblique, localised necking mode shown in specimens with a large aspect ratio (i.e. wide thin sheets). A study based on a conventional local plasticity theory requires a full 3-D finite element model (Tvergaard, 1993) . Compared with Tvergaard (1993) , the gradient dependent model is found to give good agreement.
In Mikkelsen and Tvergaard (1997a) , the gradient dependent model is used in a postnecking study of a hydro-forming process of a simply supported rectangular plate, while Mikkelsen and Tvergaard (1997b) used the model to analyse the instability behaviour of an internal pressurised tube. 
Conclusions and Future Directions
In the work presented, a 2-D gradient dependent plane stress finite element model accurately predicted the post-necking behaviour of a tensile test specimen. A study based on a conventional local plasticity theory would require a full 3-D finite element model. The 2-D finite element model has obvious computational advantages over a full 3-D model; a full 3-D finite element analysis for a thin sheet is hardly even feasible, as the number of elements required to avoid very high aspect ratios of the 3-D elements grows larger the thinner the sheets.
